Abstract In this paper, we determine the derivation algebra and the automorphism group of the original deformative Schrödinger-Virasoro algebras which is the semi-direct product Lie algebra of the Witt algebra and its tensor density module I g (a, b).
Introduction
The Witt algebra W is an infinite dimensional Lie algebra over the complex field C, with basis {L m | m ∈ Z} and the defining relations:
[L m , L n ] = (m − n)L m+n , for any m, n ∈ Z.
The unique nontrivial one-dimensional central extension of W is the Virasoro algebra Vir, which is closely related to Kac-Moody algebras and plays an important role in 2D conformal field theory. There exist different generalizations of the classical Witt algebra and the Virasoro algebra, which have been studied by many authors (see for example [4, 13, 20, 23, 21] , etc.). In [17] and [13] , a class of representations I(a, b) = m∈Z CI m for W with two complex parameters a and b were introduced. The action of W on I(a, b) is given by and determine its structures. W(a, b) has been considered in the mathematical and physical literature in [18] . In this paper, we consider the following generalization of the Lie algebra W(a, b)(reference to [21] ).
Let for all m, n ∈ Z. Then W g (a, b) is an infinite dimensional Lie algebra over the complex field C. The Lie algebra W g (a, b) is actually the same as L a,b which is called the original deformative Schrödinger-Virasoro algebras by [16] up to isomorphism. In [16] , the second cohomology group of original deformative Schrödinger-Virasoro algebras were determined. It is clear that W g (a, b) ≃ W ⋉ I g (a, b), where W is the Witt algebra and I g (a, b) = m∈Z CI m n∈Z CY n+1/2 is an ideal of W g (a, b). In this paper, our aim is to determine the derivation algebra and the automorphism group of W g (a, b).
The derivation algebra of W g (a, b)
Let G be a commutative group, g = Z-grading defined by
where
Proof. It is straightforward to prove the lemma by the definition of W g (a, b).
Remark 2.2. By (1) of Lemma 2.1, we may assume that a = 0 or a = 1, if a ∈ Z.
By Proposition 1.1 in [5] , we have the following lemma. for all m, n ∈ Z.
Lemma 2.4. For any 0 = n ∈ Z, a = 1, we have
Proof. We have to prove 
Subcase2.1: m = 1. By (2.1), we have a 2 = 0.
Subcase2.2: m = 1. By (2.1), we have a 2 ∈ C and
, we have
Since m = n, we get
For a = 0 or a ∈ Z, obviously, f (L m ) = 0 and f (I m ) = 0. For a = 1, by (2.9) and (2.10), we have
For a = 0 or a ∈ Z, we have
By the definition of derivation and the product in W g (a, b), we get
13)
(n + a + bm)a m+n 22
= (n + a + bm)a m 11 + (n + a + bm)a n 22 , (2.15)
(m + a + bn)a 
for all m ∈ Z, then we have So we get
for all m ∈ Z, then they are all outer derivations and 
.
for all m ∈ Z, then we have 
Consequently, for b = 0, 1, 2, we have
for all m ∈ Z. .
Consequently, we have
) = 0 for all m ∈ Z. Case 3: a = 1. Similar to the above discussions for the case a ∈ Z completely, we only need to take a = 1 in these discussions and get the same results as case 1.
Lemma 2.8. Up to isomorphism,
)], we have
Let m = 0 in (2.43), we get b
, similar to the above discussion, we have the same results.
Lemma 2.9. Up to isomorphism,
. By the definition of derivation and the bracket for W g (a, b), we have
Let m = 0 in (2.45), (2.46) and (2.47), we have
Then we get a
1 , for all n ∈ Z since a ∈ Z or a = 0, a = 1. Let m = −1 in (2.48) and use (2.51), we obtain (n + 1)ba
(2.53)
Case 1: a ∈ Z or a = 0. It follows from (2.50) and (2.51) that
). 
2
= 0, for all n ∈ Z and we get the same results as subcase 2.1.
Lemma 2.10. Up to isomorphism,
, we assume that 1 , a
).
Case 2: a = 1. By (2.66), we have b On the other hand, let n = 1 in (2.59), we have , then we have 
, then we have
If b = −1, by (2.68), we still have
, ∀m ∈ Z.
Then we get
Now, by lemma 2.7-2.10, we obtain the main theorem of this section as following.
Theorem 2.11. Up to isomorphism, we have
where for all m ∈ Z, 
Denote by I the inner automorphism group of W g (a, b). Obviously, I is generated by {exp k i ad I i , exp l i ad Y i | k i , l i ∈ C, i, j ∈ Z} and is a normal subgroup of Aut(W g (a, b) ). We can verify easily that I is isomorphism to C ∞ × C ∞ as sets. But by computation, these generators satisfy the following relation:
where γ = αβ(j−i). And the others is commutable each other. Hence I is isomorphism to C ∞ ⋊ C ∞ as groups.
For any
) ∈ I, we have
As I g (a, b) is an unique maximal proper ideal of W g (a, b), we have the following lemma.
For any σ ∈ Aut(W g (a, b)), denote σ| W = σ ′ . Then according to the automorphisms of the classical Witt algebra, we have σ ′ (L m ) = ǫα m L ǫm for all m ∈ Z, where α ∈ C * and ǫ ∈ {±1}. So we have the following lemmas.
where C ∞ = {(a i ) i∈Z | a i ∈ C, all but a finite number of the a i are zero }, C * = C\{0}.
,
Since a ∈ Z, we let
, n = 0,
where each formula is of finite terms and
Since a ∈ Z, this forces that
), we have Since a ∈ Z, either a ∈ Z 2 or a ∈ 2Z − 1 3 holds.
If a ∈ Z 2 , from the above discussion, it forces that ǫ = 1, otherwise it must be that σ(Y m+ = 0 which meansσ(I m ) = 0. This also is a contradiction. So we obtainσ
where α, c m , f m ∈ C * . On the other hand, from the relations that
we have
for all m, n ∈ Z. It is easy to deduce that
where µ is a nonzero complex number. Therefore,
Conversely, ifσ is a linear operator on W g (a, b) satisfying (3.3) for some α, µ ∈ C * , then it is easy to check thatσ ∈ Aut(W g (a, b)). Denote byσ(α, µ) the automorphism of W g (a, b) satisfying (3.3), then a, b) ). On the other hand, similar to the proof in [7] , [8] or [22] 
where a ∈ Z.
where C ∞ = {(a i ) i∈Z | a i ∈ C, all but a finite number of the a i are zero }, Z 2 = Z/2Z,
is the same as in lemma 3.2. Since a = 0. Let
) ∈ I, where i = 0. We use the same idea as in Lemma 3.2, then there exists
This forces that µ m j = 0, d q = 0 for all m j , q ∈ Z. Therefore,
), we have
for all m ∈ Z. Consequently, by [21] , we have the following cases.
where α, µ, f ǫ(m+
, ǫf ǫ(m+
It is easy to deduce that
Denote byσ(ǫ, α, µ, c, d) the automorphism of W g (0, 0) satisfying (3.5) and (3.6), then
From (3.7) we can see that a 3 , b 3 and c 3 are all subgroups of Aut(W g (0, 0)), and
2) and (3.7), one can deduce that I commutates with c 3 . By (3.7), we have the following relations:
Case 2 b = 1. According to [21] , we may assumē
Similarly, we can deduce that
Denote byσ(ǫ, α, µ, c, d) the automorphism of W g (0, 1) satisfying (3.8) and (3.9), then
From (3.10) we can see that a 4 , b 4 and c 4 are all subgroups of Aut(W g (0, 1)), and
Similar to the proof above, using (3.1), (3.2) and (3.10), we also have I commutates with c 4 . By (3.10), we have the following relations: α, µ, µc, µd),σ ǫσc,d =σ(ǫ, 1, 1, c, d ), 
Case 3 b = 0, 1. By [21] , we assumē
) , ∀ m ∈ Z. Similarly, we still have
By the automorphism group of I v (0, −1) in [7] , we have
where b = 0, 1.
Proof. For any σ ∈ Aut(W g (1, b) ), similar to the ideas in lemma 3.2-3.3, there exist
, ∀n = 0,
On the other hand, for m = n, by [σ(I m ),σ(I n )] = 0, we have
We can deduce that c ǫ(m+1)−1 = α m µ,
where µ is a fixed nonzero complex number. For m = n, by
14)
Let n = 0 in (3.16) and (3.18), we have f is a fixed nonzero complex number. From (3.17) , we can deduce f ǫ(n+1)−1 = α n f ǫ−1 for all n ∈ Z. Taking it into (3.18), we get f ǫ−1 = √ ǫαµ, then
Case 1: b = 0. Let n = −m, n = 1 in (3.14) respectively, we get
Using induction on m ≥ 2 in (3.21), we obtain 
Let m + n = 0 in (3.25), we have
Let n = 1 in (3.25) and use induction on m, we obtain So
for all n ∈ Z. Where α, µ ∈ C * , c, d ∈ C, ǫ = ±1. Denote byσ(ǫ, α, µ, c, d) the automorphism of W g (1, 0) satisfying (3.28) and (3.29), then
Similar to the discussion in the lemma 3.3, we have the same results for all m ∈ Z. From (3.31) and (3.32), we can deduce that
Consequently, by (3.15), we have
Let n = −1 in (3.33) and use induction on m, we get 
for all n ∈ Z. Where c, d, e ∈ C, α, µ ∈ C * , ǫ = ±1. Ifσ is a linear operator on W g (a, b) satisfying (3.35) and (3.36) for some α, µ ∈ C * , then it is easy to check thatσ ∈ Aut(W g (a, b) for all n ∈ Z, where c, d ∈ C, α, µ ∈ C * , ǫ = ±1. Similar to the discussion in lemma 3.3, we still have Aut(W g (1, 3) ) ∼ = (C ∞ ⋊ C ∞ ) ⋊ (Z 2 ⋉ (C * × C * )).
By lemma 3.2-3.4, we get the main theorem of this section.
Theorem 3.5.
where C ∞ = {(a i ) i∈Z | a i ∈ C, all but a finite number of the a i are zero }, and
